Abstract. We introduce complete quotients over the projective line and prove that they 
Introduction
We work throughout over an algebraically closed field k of characteristic 0.
Fix the Grassmannian Gr(k, V ) of k-dimensional subspace in a vector space V ∼ = k n .
The set Mor d (P 1 , Gr(k, V )) of degree d algebraic maps from P 1 to Gr(k, V ) has a natural structure of a smooth quasi-projective variety. It comes with a natural compactification, the Grothendieck Quot scheme Q d := Quot d,n−k V P 1 /P 1 /k , parametrizing all equivalence classes [V P 1 ։ F ] of quotients of degree d and rank n − k, where V P 1 := V ⊗ k O P 1 . The subset The authors of [HLS11] proved the case when k = 1. In his Ph.D thesis [Shao11] , the second named author proved it for all Grassmannians Gr(k, V ), k ≥ 1.
The main purpose of this paper is to provide Q d the following modular interpretation.
For any coherent sheaf X over P 1 , we let X t denote the torsion subsheaf of X and X f = X/X t denote the free part of X. For any coherent sheaves A and B on P 1 , an extension of A by B is a short exact sequence 0 → B → X → A → 0, which will also be shorthanded by B X ։ A. Two extensions B X 1 ։ A and B X 2 ։ A differ by a scalar multiple λ if there is an isomorphism X 1 ≃ X 2 such that the following diagram 0 / / B Taking global sections of the above short exact sequence, we obtain a long exact sequence:
0 → H 0 (Hom(E 0 , F)) → H 0 (Hom(E 1 , F)) → H 0 (Ext 1 (T , F)) → H 1 (Hom(E 0 , F)) → H 1 (Hom(E 1 , F))
We have identifications
Hom(E i , F) = H 0 (Hom(E i , F)), i = 0, 1 and a natural homomorphism
The proof of (2) is parallel to that of [Shao11] , Proposition 2.3. So, we omit the details.
2.2. The space of relative non-split extensions. To proceed, we fix a set of notations.
Notation. For any k-schemes R and S,
(1) we denote the projection P 1 × R → R by π R or simply π;
(2) for any coherent sheaf H over R, we let H ∨ denote the dual sheaf Hom R (H, O R );
(3) for any coherent sheaf F on P 1 × R, we set F x := F| P 1 ×{x} for any point x ∈ R;
(4) for any morphism f : R → S, we setf := 1 × f : P 1 × R → P 1 × S.
We now introduce a relative version of the space of non-split extensions. Let S be a noetherian scheme over k and let F and T be two coherent sheaves on P 1 × S, both flat over S, with F locally free and T torsion (i.e., having rank 0). Let π S : P 1 × S → S be the projection, and set E := π S * Ext 1 P 1 ×S (T , F). As in [Shao11] , Proposition 2.4 (1), one checks that Ext 1 (T , F) is a torsion sheaf and is flat over S. By Cohomology and Base Change, we can show E is locally free and for any point s ∈ S,
where the second equality holds by Lemma 2.1 (2) and the third holds by Lemma 2.1 (1). So the projective bundle
over S is a family of spaces of non-split extensions: for each point s ∈ S, the fiber of P(E) over s is P(E| s ) = P(Ext 1 (T s , F s )).
The universal extension.
Notation. For any coherent sheaf H on P 1 × P(E), we denote by H(m, n) the sheaf
where p : P 1 × P(E) → P 1 and π P(E) : P 1 × P(E) → P(E) are the two projections.
Let a : P(E) → S be the structure morphism. The space P(E) comes equipped with a universal quotient a * E ∨ ։ O P(E) (1). Dualizing the universal quotient and tensoring the result with O P(E) (1), we obtain a line subbundle O P(E) ֒→ a * E ⊗ O P(E) (1) = π P(E) * ā * Ext 1 (T , F) ⊗ O P(E) (1) =
Here the first equality holds because the morphism a is flat, and the second holds by Lemma 2.1 (2). This line subbundle corresponds to a nonzero element of
where the second equality holds by Lemma 2.1 (1). We can write this element as an extension
which we call the universal extension. Note that the universal extension is nowhere-split, which means that, for each k-point s ∈ S and each k-point x ∈ a −1 ({s}) = P(Ext
obtained by pulling back the universal extension to P 1 × {x} ≃ P 1 is non-split.
Conversely, the universal quotient can be recovered from the universal extension by reversing the above process. In fact, the universal extension itself is a nonzero element of
hence determines a line subbundle O P(E) ֒→ a * E(1). Tensoring the line subbundle with O P(E) (−1) and taking the dual, we obtain the universal quotient.
Thus, based on the universal property of the universal quotient, we have Theorem 2.2. Let R be an S-scheme with structure morphism ρ : R → S, L a line bundle
≃f * X that make the following diagram commute:
where the second row is the pullback of the universal extension viaf .
A flattening stratification
In this section, we continue to follow the previous notations, and we impose an additional assumption on the sheaf F of Theorem 2.2 (also Lemma 2.1):
where p : P 1 × S → P 1 is the projection.
We also need the following notation (cf. Introduction).
Notation. 
is an open subset of P(E). Its complement P(E)\P(E) has a sequence of nested closed subsets:
where d is the relative degree of T over S, and
Note that an extension 0 → F s → X → T s → 0 is split if and only if the torsion part of X is
For m ≥ 0, applying Hom(−, O(m)) to the extension (2.2), we obtain an exact sequence
where δ x,m denotes the connecting homomorphism. Then we have
Proof. Suppose F s has rank k. Then X x has rank k as well. We have non-canonical isomorphisms
By the assumption (3.1), we have H 1 (P 1 , F s (−1)) = 0 and also H 1 (P 1 , X x (−1)) = 0. It follows that a i ≥ 0 and b i ≥ 0 for all i. Hence we have
, and 
Corollary 3.2 suggests us that we can define the scheme structure of Y r in the following way. Let m ≫ 0. Applying Hom(−, O P 1 ×P(E) (m, 1)) to the universal extension (2.1) to obtain an exact sequence
where δ m is the connecting homomorphism. Next, applying π P(E) * to δ m and using identifi-
we obtain a nowhere-vanishing homomorphism
Note that both π * F ∨ (m) and π * T ε (m) are locally free sheaves on S for m ≫ 0. Applying
By Corollary 3.2, Y d 1 +l is exactly the (set-theoretic) zero locus of l+1 π * δ m , for each l with
The image, which we denote by I l,m , is an ideal sheaf. In a similar way as in [Shao11] , Proposition 3.4, we can prove that 
Again, in a similar way as in [Shao11] , Theorem 3.5, we can prove that
form the flattening stratification of P(E) by the sheaf X ε , which means that, for any noetherian kscheme R and any morphism f : R → P(E), the sheaff * X ε on P 1 × R is flat over R with relative degree d − r if and only if f factors through the inclusionY r ֒→ P(E). In particular, the restriction of X ε to P 1 ×Y r is flat overY r with relative degree d − r.
The normal bundles: a first case
Let V be a vector space of dimension n over k, and Gr(k, V ) be the Grassmannian parametrizing all the k-dimensional subspaces of V . For any d ≥ 0, the space Mor
of degree d maps from P 1 to Gr(k, V ) is a nonsingular quasi-projective variety. A smooth
of rank n on P 1 . It comes with a universal exact sequence of sheaves on
Here F d is flat over Q d with rank n − k and relative degree d. It follows that E d is locally free with rank k and relative degree
is locally free} coincides with Mor d (P 1 , Gr(k, V )).
Recall from the introduction that for any d > r ≥ 0, we have the closed subscheme
We refer the reader to Section 3 in [Shao11] for the details on the subscheme structure of The subscheme Z d,r is closely related to the following relative Quot scheme over Q r :
If a point of Q r is represented by the exact sequence E V P 1 ։ F , then the fiber of Q d,r over the point consists of points represented by the quotient E ։ T with T torsion of degree 
Here T d,r is flat over Q d,r with rank 0 and relative degree d − r. Since θ * d,r E r is locally free of rank k and of relative degree −r over Q d,r , it follows that E d,r is locally free of rank k and
We form a commutative diagram on
where the middle column is the pullback of the universal exact sequence of Q r viaθ d,r , and
One checks that F d,r is flat over Q d,r of rank n − k and relative degree d. By the universal property of
such that the following diagram commutes:
The morphism φ d,r maps Q d,r onto Z d,r (cf. Proposition 4.6 of [Shao11] ). We denote bẙ 
Proof. The first assertion is proved in [Str87] , Theorem 7.1. The second, which is a relative version of the first, can be proved by slightly modifying the proof of [Str87] , Theorem 7.1.
We omit the details.
The tangent bundle T Q d,r of Q d,r fits into the following exact sequence
The morphismφ d,r :Q d,r → Q d is an embedding and is factored asQ d,0φ
. In particular, letting r = 0, we have
is locally free, we have the following exact sequence of sheaves onQ d,r :
Note that the restriction of the exact sequence (4.4) toQ d,r gives an exact sequence
Combining the above two sequences, we can form a commutative diagram of sheaves onQ d,r :
where the middle row comes from the natural identifications
by Proposition 4.1 and the exact sequence
obtained by applying π * Hom(E d,r , −) to the third column of the diagram (4.2). The dotted arrows in the third column are induced maps on the quotients. Since all rows and the middle column are exact, the third column is forced to be exact as well.
Using the identification
and comparing the third column with the short exact sequence
obtained by applying π * Hom(−,θ * d,0 F 0 ) to the exact sequence (4.1), we obtain a natural identification
.
The normal bundles: the general case
In this technical section, we introduce and analyze the properties of a set of auxiliary schemes. These will be used in the final section to identify with and to derive the desired modular properties of the exceptional divisors created in the sequence of blowups
5.1. The schemes Q d,r,l and morphisms ψ d,r,l . Let d > r > l ≥ 0, and we consider First of all, we see that Q d,r,l is smooth over Q r,l because Q d,r is smooth over Q r . It follows that Q d,r,l is a nonsingular variety. Next, we will define a finite morphism ψ d,r,l :
based on the morphisms in the following diagram
The parallelogram 1 is commutative by the definition of Q d,r,l . On P r × Q d,r,l we have two short exact sequences:
which are pullbacks of the universal exact sequences of Q r,l and
Putting the two sequences together, we can form a commutative diagram as follows:
, and the dotted arrows are the induced maps on quotients. Since the upper two rows and the middle column are exact, the last column are forced to be exact as well. Note thatψ * d,r,l T d,r andψ * d,r,l T r,l are both flat over Q d,r,l with rank 0 but with relative degree d − r and r − l respectively. Hence T is flat over Q d,r,l as well and is of rank 0 and of relative degree d − l. Thus the quotientψ * d,r,lθ * r,l E l ։ T from the middle row determines a Q l -morphism
such that the pullback of the universal exact sequence of Q d,l is the middle row of (5.2), i.e., we have the following identifications:
In particular, the identification T =ψ * d,r,l T d,l allows us to rewrite the third column of the diagram (5.2) as
By the definition of ψ d,r,l , the parallelogram 2 in the diagram (5.1) automatically commutes.
We also have 
following diagram commute:
By the diagram (4.3), we have an exact sequence
Replacing r with l, we obtain another one
to the above two exact sequences respectively, we obtain two exact sequences
This isomorphism is the desired one.
The map ψ d,r,l is both proper and quasi-finite, hence it is a finite morphism. 5.2. The schemes P σ and their properties. We now introduce a set of spaces P σ together with a set of coherent sheaves X σ on P 1 ×P σ , indexed by σ ∈ Σ. We will need a set of auxiliary spaces R σ indexed by σ ∈ Σ with |σ| ≥ 2. First, we define P σ for σ ∈ Σ 1 . Suppose σ = (d).
In this case, we set
We will denote byX d the restriction of X d on P 1 ×P d . We know thatX d is locally free.
Next we define P σ for σ ∈ Σ 2 . Suppose σ = (d, r), d > r. We set
and let a d,r : P d,r →R d,r be the structure morphism. We denote the universal extension on
be the open subset defined as
We denote byX d,r the restriction of X d,r to P 1 ×P d,r . ThenX d,r is locally free, and P d,r can be considered as a Q d -scheme through the composition
have defined P σ , X σ , R σ , etc., for any σ ∈ Σ with |σ| = 2. In the following, we will define P σ , X σ , etc., for any σ ∈ Σ with |σ| ≥ 3 inductively.
Assume that, for each σ ∈ Σ m for some m ≥ 2, the space P σ of non-split extensions is defined and the sheaf X σ is the middle term from the universal extension on P 1 ×P σ . Assume also that a morphism P σ → Q l (l = lt(σ)) has been specified so that P σ can be considered as a Q l -scheme.
Let σ ∈ Σ m+1 , d = lt(σ), τ be the sequence formed from σ by removing the leading term d,
. By induction hypothesis, the space P τ of non-split extensions is defined and is a Q r -scheme. We set
Let q σ and p σ be the two projections from R σ to Q d,r and to P τ , respectively, and letq σ and p σ be the two projections fromR σ to Q d,r and toP τ , respectively. We define P σ = P d,τ to be a space of non-split extensions overR σ by
and let a σ : P σ →R σ be the structure morphism. We denote the universal extension on
We define the open
Then,X σ , the restriction of X σ on P 1 ×P σ is locally free. By induction, we have defined P σ ,
Lemma 5.2. For each σ,
(1) X σ is flat over P σ with relative degree lt(σ).
(2) R 1 π * (X σ (−1)) = 0.
The closed subset P σ \P σ of P σ has a sequence of nested closed subschemes 
Lemma 5.3. The space P σ is nonsingular for any σ ∈ Σ.
Proof. We prove it by induction on |σ|. When |σ| = 1, say σ = (d) for some d, we have By definition, P σ = P d,τ is a projective bundle over Q d,r × QrPτ where r = lt(τ ). Hence P σ is smooth over Q d,r × QrPτ . We know that Q d,r is smooth over Q r , hence Q d,r × QrPτ is smooth overP τ . Since smoothness is transitive, P σ is smooth overP τ . By induction hypothesis, P τ is nonsingular, and so isP τ and hence P σ is nonsingular. This completes the proof.
Let σ ∈ Σ, l = lt(σ) and let d > r > l. We define a morphism φ d,r,σ : R d,r,σ → P d,σ using the following commutative diagram (5.5) P r,σ ar,σ
By the base change property, R d,r,σ is a projective bundle over
(1) and structure morphism 1 × a r,σ . On P 1 × R d,r,σ , we have a commutative diagram of sheaves
• for short notations, we have set 'a r,σ := 1 × a r,σ , 'q r,σ := 1 × q r,σ , ψ ′ d,r,l := ψ d,r,l × 1, • the last row is the pullback of the universal extension of P r,σ viap d,r,σ : P 1 × R d,r,σ → P 1 × P r,σ ,
• the last column is the pullback of the exact sequence of torsion sheaves via 'a r,σ 'q r,σ : Recall that the universal extension of P d,σ is the exact sequence
(1) and X ≃φ * d,r,σ X d,σ that make the following diagram commute:
where the first row is the middle row of diagram (5.6) and the second row is the pullback of the universal extension (5.7) of P d,σ viaφ d,r,σ :
For simplicity, we make identifications We break it into two short exact sequences Now dualizing both of the above sequences, we obtain another two exact sequences 
where the last column is the sequence (5.11), the middle row is the pullback of the universal exact sequence of Q d,l viaq d,σād,σī :
, and E is defined to be the kernel of the compositionī * ā * 
We have a morphism φ r,l : Q r,l → Q r and an identification E r,l =φ * r,l E r as in diagram (4.3). Thus we have an identification E =λ * E r,l =λ * φ * r,l E r and we can rewrite the first row as 
Using the identification T ε =λ * T r,l from sequence (5.12), we can rewrite the sequence (5.10) as
By Theorem 2.2, the above exact sequence determines a morphism ν :Y d,r,σ → P r,σ such that the pullback of the universal extension of P r,σ is the same as the above sequence:
But because the middle term (ī * X d,σ ) ∨∨ is locally free, the map ν actually mapsY d,r,σ into P r,σ . So we obtain a morphism
It is now routine to check that µ × ν is the inverse ofφ Proof. Since P d,σ is a projective bundle overR d,σ , the relative cotangent bundle
fits into the following exact sequence
Pulling the sequence back to R d,r,σ via φ d,r,σ , we obtain an exact sequence
where
,σ is a projective bundle over QQP , the relative cotangent bundle Ω R d,r,σ /QQP fits into the following exact sequence (5.14)
We have
We make a diagram
• the last row is the exact sequence (5.13),
• the middle row is the exact sequence (5.14), and
• the middle column is obtained by applying π * Ext 1 (f * (−),ḡ * X σ ) to the exact sequence 
. We have
wheref andg are the restrictions of f and g toR d,r,σ .
Recall that ψ d,r,l : Q d,r,l → Q d,l is a finite morphism. Since k is assumed to be of characteristic 0, the function field extension
have an exact sequence of relative cotangent sheaves
where both Ω Q d,l and Ω Q d,r,l are locally free of the same rank while Ω Q d,r,l /Q d,l is torsion.
We form the following diagram
Applying the Snake Lemma to the third row and the fourth row of the above diagram, we obtain an exact sequence by connecting the second row with the last row:
This sequence fits into the following commutative diagram
where the identification in the second row follows from the canonical identification
So we obtain an identification of the quotients
fits into the following commutative diagram
Applying the Snake Lemma to the third and fourth rows, we obtain an exact sequence by connecting the second row with the fifth row:
The above sequence fits into the following commutative diagram and next applying π * Hom(f * ψ * d,r,l T d,r , −) to the above sequence, and lastly taking dual, we obtain the second column in the diagram. Thus there is an induced identification as in the first row, which gives the natural identification
6. The modular interpretation
The compactification Q d is obtained by successively blowing up the Quot scheme Q d along
We illustrate the process in the following diagram
Here, inductively, Z Then there is a stratification of Q r d :
Lemma 6.1. Let τ ∈ Σ, t = lt(τ ). We have
Proof.
(1) Consider the composite blowup b :
is an isomorphism away from Z m d,j . These facts give us identifications
(2) By definition,
We know Z l d,l is the exceptional divisor of the blowup
under the blowup, we have that E l d,σ is the exceptional divisor of the (induced) blowup of
If l − 1 = t, then E l d,σ is the exceptional divisor of the blowup of E t d,τ along Z t d,t+1 , and we are done. Now suppose l − 1 > t. Then under the identification Q
There is a collection of isomorphisms
one for each σ ∈ Σ with l := lt(σ) < d, such that the following properties hold:
for all r, l < r < d; (3) The following diagram commutes:
where σ = (l, τ ) and t = lt(τ );
for all r, l < r < d.
Proof. We prove by constructing the isomorphisms i d,σ explicitly, and this is done by induction on the length of σ. We first deal with the base case: σ ∈ Σ 1 or σ = (l). In this case, we construct isomorphisms
is the blowup along Z
we know E l d,l is isomorphic to the projective bundle
So we obtain an embedding e d,l :
For each r with l < r < d, we have a commtative diagram
Next, we show that e d,l :
We see that e r,l mapsP r,l isomorphically onto E l r,l \Z l r,r−1 in Q l r \Z l r,r−1 , E l r,l \Z l r,r−1 , which can be identified with E 
Thus the case that σ ∈ Σ 1 is constructed. Suppose we have constructed the isomorphisms for all σ ∈ Σ m for some m. We now construct the isomorphisms for σ ∈ Σ m+1 . Now write σ = (l, τ ) and let t = lt(τ Proof. The case that l = lt(σ) is proved in the above proposition. We now prove the case that l > lt(σ). Let t = lt(σ). Then by the above proposition, we have an isomorphism P d,σ
which maps Y d,l,σ onto E t d,σ ∩ Z t d,l for each r. This isomorphism restricts to an isomorphism 
